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ON THE BLOWUPS OF NUMERICAL GODEAUX
SURFACES
DIETER KOTSCHICK
(to appear in C.R. Acad. Sci. Paris)
Abstract: We give a short proof of the following result: Let X be a
complex surface of general type. If the canonical divisor of the minimal
model of X has selfintersection = 1, then X is not diffeomorphic to a
rational surface.
Our proof is the natural extension of the argument given in [5] for
the case when X is minimal. This argument also gives information
about the non–existence of certain smooth embeddings of 2–spheres in
X , if X has geometric genus zero.
Sur les e´clate´es des surfaces nume´riquement de Godeaux
Re´sume´: On donne une de´monstration rapide du re´sultat suivant:
Soit X une surface complexe de type ge´ne´ral. Si l’autointersection du
diviseur canonique du mode`le minimal de X est 1, alors X n’est pas
diffe´omorphe a` une surface rationnelle.
Notre de´monstration est l’extension naturelle de la me´thode utilise´e
dans [5] au cas ou` X est minimal. Cet argument donne aussi des infor-
mations sur la non-existence de certains plongements lisses de sphe`res
dans X , si le genre ge´ome´trique de X est nul.
Version franc¸aise abre´ge´e: On connait un seul type de de´formation
de surfaces complexes minimales de type ge´ne´ral qui sont home´omorphes
a` des surfaces rationnelles, ce sont les surfaces de Barlow [1]. Elles sont
simplement connexes mais ont la meˆme cohomologie rationnelle que la
surface de Godeaux, obtenue comme quotient d’une surface de degre´ 5
dans CP3 par un groupe d’ordre 5. On dit que de telles surfaces sont
nume´riquement de Godeaux.
Dans [5], on a associe´ a` certaines varie´te´s lisses un entier φ, invariant
par diffe´o-
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morphisme. On y a montre´ |φ| ≥ 4 pour les surfaces de Barlow et
φ = 0 pour les surfaces rationnelles qui sont home´omorphes a` une sur-
face de Barlow. Par conse´quent, une surface de Barlow et une surface
rationelle ne sont pas diffe´omorphes. Pidstrigach [12] a e´tendu le calcul
de [5], et a montre´ |φ| ≥ 2 pour les surfaces simplement connexes et
nume´riquement de Godeaux.
Dans cette Note, nous ge´ne´ralisons ces arguments aux e´clate´es.
The´ore`me 1. Aucune e´clate´e d’une surface nume´riquement de Godeaux
n’est diffe´o-
morphe a` une surface rationnelle.
Signalons qu’il existe deux autres de´monstrations de ce the´ore`me [9],
[4], qui sont beaucoup plus complique´es que la de´monstration de cette
Note. La de´monstration de [4] entraˆine un resultat plus ge´ne´ral: aucune
surface de type ge´ne´ral n’est diffe´omorphe a` une surface rationnelle.
D’autre part, la de´monstration que l’on donne ici pre´sente l’avantage
d’entrainer aussi le the´ore`me suivant, plus fort que le re´sultat de [4]:
The´ore`me 2. Soient Y une surface nume´riquement de Godeaux et
F ∈ H2(Y,Z) une classe d’autointersection −1. Si X est une e´clate´e
de Y , alors il est impossible de repre´senter F ∈ H2(Y,Z) ⊂ H2(X,Z)
par une sphe`re diffe´rentiablement plonge´e dans X .
Ce dernier re´sultat e´tait de´ja` connu dans le cas X = Y , (corollaire 7.9
de [7]). On sait aussi que φ(Y ) 6= 0 entraine que Y ne contient pas de
sphe`res diffe´rentiablement plonge´es d’autointersection nulle mais non-
triviales en homologie rationnelle, d’apre`s le the´ore`me 4.2 de [10] et la
remarque qui le suit.
The only known minimal complex surfaces of general type homeo-
morphic to rational surfaces are the Barlow surfaces [1]. They all have
the same deformation type as complex manifolds and thus are diffeo-
morphic to each other. The Barlow surfaces B are simply connected
but have the same rational homology as the classical Godeaux surface
obtained as the quotient of a quintic in CP3 by a group of order 5. We
call such surfaces numerical Godeaux surfaces.
In [5] we introduced a numerical diffeomorphism invariant φ of cer-
tain 4– manifolds, and proved |φ(B)| ≥ 4 for the Barlow surfaces and
φ(R) = 0 for the rational surfaces R homeomorphic to them. Thus, the
two are not diffeomorphic. More precisely, we calculated |φ(B)| = 8 in
[7], [8]. Pidstrigach [12] extended the calculation of [5] to show that
|φ(Y )| ≥ 2 for any simply connected numerical Godeaux surface Y .
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We now generalize this argument to blowups.
Theorem 1. No blowup of a numerical Godeaux surface is diffeomor-
phic to a rational surface.
Proof. Let Y be a simply connected numerical Godeaux surface, and X
the k–fold blowup of Y . The differentiable structure of X is uniquely
determined by that of Y .
Let P → X be the principal SO(3)–bundle with w2(P ) = w2(TX)
and p1(P ) = −3 − k. Associated with P there is a generalized Don-
aldson invariant φXk,c. It is a map from a certain set of chambers in the
positive cone for the cup–product form on H2(X,R) to the algebra of
symmetric polynomial functions of degree k on H2(X,Z). The class
c ∈ H2(X,Z) is a lift of w2(P ) ∈ H
2(X,Z2) and φ depends on this
choice only up to sign. See [7], [11] for definitions and further proper-
ties. We will work up to signs and denote the invariant by φXk . (The
numerical invariant φ used in the minimal case is the same as φ0. If
k ≤ 1, there is only one chamber, cf. [5], [7].)
Suppose R is a rational surface homeomorphic to X . Then R con-
tains k + 8 disjointly smoothly embedded 2–spheres of selfintersection
−1. It follows that their cohomology classes E1, ..., Ek+8 are linearly
independent over R. In the positive cone H2+(R,R) there is a unique
chamber C0 containing the ray of classes orthogonal to all the Ei in its
interior. This chamber is preserved by the self–diffeomorphisms of R
realizing the reflections in the Ei on (co)homology. By the “orienta-
tion argument” of [7], φRk (C0) is divisible by all the Ei, see Proposition
(6.13) of [7]. Thus, φRk (C0) is a polynomial of degree k with k+8 linear
factors. This means it is identically zero, cf. Corollary (6.14) of [7].
In the cohomology ofX , let F1, ..., Fk be the classes of the exceptional
curves. Choose 8 classes Fk+1, ..., Fk+8 of square −1 in H
2(Y,Z) ⊂
H2(X,Z), linearly independent over R. Then there is a unique cham-
ber C1 in the positive cone H
2
+(X,R) containing the ray of classes
perpendicular to all the Fi in its interior. As in the case of R above,
the polynomial φXk (C1) is divisible by the classes Fi, for i ≤ k. (This
is not true for i > k, as shown below. Compare Theorem 2.)
Thus, φXk (C1) is a scalar multiple of the product F1...Fk. Through
a repeated application of Theorem (6.9) of [7] and its proof, we see
that the scalar is a universal non–zero combinatorial factor times φY0 =
φ(Y ). In particular, it follows from φ(Y ) 6= 0 that φXk (C1) 6= 0.
Combined with φRk (C0) = 0, this implies that X and R are not
diffeomorphic because of the following Lemma.
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Lemma 1. If X and R are diffeomorphic, then they are diffeomorphic
by a diffeomorphism f : R→ X with f ∗(C1) = C0.
This is a special case of a Theorem of Friedman and Qin [4]. They
observed that such results can be obtained by elementary arguments,
using the analysis of Donaldson’s Γ–invariant [2] in [3]. Only the exis-
tence of the invariant is used. No non–trivial calculation is needed.
I first outlined the above proof of Theorem 1 in a letter to M. Kreck
in July 1988, cf. [6]. At that time, it was incomplete because Lemma
1 was not known. Because of this, I gave a different proof [9] using
the Γ–invariant [2]. Recently, Friedman and Qin [4] announced a proof
of Theorem 1 using the invariants introduced in [7], [11]. Unlike the
above proof, theirs uses polynomial invariants of high degree even for
the minimal case. Both [9] and [4] depend on subtle calculations with
stable bundles on the minimal model, and use an SU(2) blowup formula
to prove the result for the blowups. The argument given here uses only
the by now routine stable bunde calculation carried out in [5], [12], and
the SO(3) blowup formula obtained in [7].
The argument of Friedman and Qin [4] has the advantage that it
extends to surfaces of general type for which the canonical class of the
minimal model has selfintersection > 1, thus showing that no surface of
general type is diffeomorphic to a rational one. It would be interesting
to know whether there exist examples of surfaces of general type to
which this applies, beyond the examples covered by Theorem 1.
The proof of Theorem 1 given here furnishes more information about
embedded spheres in blowups of numerical Godeaux surfaces than ei-
ther [9] or [4]. Indeed, the author and G. Matic´ showed in [10], Theorem
4.2 and the subsequent Remark, that the non–vanishing of φ(Y ) for a
numerical Godeaux surface Y implies that it contains no smoothly em-
bedded spheres of selfintersection zero representing nontrivial rational
homology classes. It also implies that Y contains no smoothly em-
bedded sphere of selfintersection −1, see Corollary (7.9) in [7]. This
generalizes as follows:
Theorem 2. Let Y be a numerical Godeaux surface and F ∈ H2(Y,Z)
a class of square −1. If X is a blowup of Y , then F ∈ H2(Y,Z) ⊂
H2(X,Z) can not be represented by a smoothly embedded sphere in X.
Proof. In the proof of Theorem 1 we can take F as one of the Fi with
i > k. If F is represented by a smoothly embedded sphere, then the
argument there shows that φXk (C1) has k + 1 linear factors and so is
identically zero. This is a contradiction.
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Note that Lemma 1 is not needed in the proof of Theorem 2. The
argument in [4] only proves Theorem 2 under the additional hypothesis
F.KY = 1.
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